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POSITIVITY AND FOURIER INTEGRALS OVER REGULAR 

HEXAGON 

YUAN XU 


Abstract. Let f £ (K^) and let / be its Fourier integral. We study summa- 

bility of the partial integral = /{||a||H<p} f{y)d-y, where ||y||H de¬ 

notes the uniform norm taken over the regular hexagonal domain. We prove 
that the Riesz {R, S) means of the inverse Fourier integrals are nonnegative if 
and if (5 > 2. Moreover, we describe a class of || ■ Hn-radial functions that are 
positive definite on R^. 


1. Introduction 


The classical Bochner-Riesz means of the Fourier integral have kernels that are 
radial functions, or the || • || 2 -radial functions, where 11-112 denotes the usual Euclidean 
norm. We study their analogues that have kernels being || • Hn-radial functions, 
where || • ||h denotes the uniform norm of the regular hexagonal domain of and 
II • llh-radial functions that are positive definite functions on 

Let / be a function in The Former transform / and its inverse are 

defined by 

(1.1) f{y) = f{x)dx and f{x) = [ e^y^f{y)dy, 

jTSid J-g^d 

where the latter integral need not exist for an arbitrary function / G a fact 

that motivates the study of summability methods. The classical Bochner-Riesz 
means (cf. [Z]) of the inverse Fourier transform are defined by 

( 1 - 2 ) S‘i^sfi^)= [ e^^-f{y)dy. 

J\\vh<R V ^ / 


The convergence of these means has been studied extensively. If II 2 /II 2 is replaced by 
the ii norm \y\i := |yi| -|- ... + \yd\ in (1.2), we denote the new means by and 

call them .^i-Riesz {R,5) means. It was proved in [2] that, in summability, the 
{R,S) means define positive linear transformations on exactly when 

S > 2d — 1. In contrast, in £2 summability, the Bochner-Riesz means do not define 
positive transformations for any d > 0 [4]. 

In the present paper we study the case when 
uniform norm 


H over the regular hexagonal domain in 


2 in (1.2) is replaced by the 
In this case it is 
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more convenient to work in homogeneous coordinates of 

■— = (^11^21^3) S : ti + t 2 + ^3 = 0 }, 

for which the regular hexagonal domain is equivalent to {t G : ||t||H < 1}, where 

||t||H := max It,I. 

1<2<3 

In Kj?! the Fourier transform and its inverse can be defined by 


(1.3) 


1 


= ^ / ® " ■V(t)dt and /(t) = / e 3 '^f{s)ds 

OTT^ ./in,3 ./b3 


as we shall see in the next section. The Riesz {R, d) means are then become 


(1.4) 


SR,sf{t) := 




1 - 


|s||h 

R 


e*-V(s)ds. 


The symmetry of the regular hexagonal domain makes it possible to derive a 
close form for the Dirichlet kernel, 


Dnit) = [ e t G ]R|)|, 

which can be used to establish the following theorem. 

Theorem 1.1. For 6 >2 the Riesz {R,6) means of the hexagonal partial integral 
to assure positivity is best possible. 


(1.4) define positive linear transformations on L^(IR^); the order of the summability 


We note that the minimal order of the summability to assure positivity of the 
Riesz (i?, 5) means for £1 summability is ^ > 3 when d = 2. 

A function (() : i-A K is called || • ||h invariant, or || • ||H-radial, if (^(t) = (()o(||t||H) 

for some fio : K+ := [0, 00) i-a K. Although the Dirichlet kernel is not || • ||h radial, it 
has additional structure that allows us to characterize positive definiteness of such 
functions. 

A function on is said to be positive definite if for any set of points xi,..., xn 
in and scalars ci,..., cat in C, N gN, 

N N 

EE j X}fj ^ 0, 

j=ik=i 


that is, the matrix [fiixj — is positive semi-definite for all {xj}, {cj} and 

N. Bochner proved in that a continuous function on is positive definite 
exactly when it is the Fourier integral of a finite positive measure on Shoenberg 
specialized Bochner’s theorem for ^2 radial functions and proved that (()(||x|| 2 ) is 
positive define exactly when 

d-2 

(1.5) (j){t) = J fld{tu)da{u) with ^dir) '■= Jd -2 (r) 


and a{u) is non-decreasing and bounded for u > 0, where J.y is the Bessel function. 
An analogue result was proved in [5] for ^i-radial functions (/)(|x|i), for which is 
characterized by (1.5) with Qd replaced by where md is a function that can 
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be defined either recursively or as the Fourier transform of the B-spline function 
X ^ , x "^) on In particular, m 2 is given by 


m2 



sinrt 

- du. 

u 


In the case of d = 2, under the change of variables x = s + t and y = s — t, the £i ball 
{a; S : |a;|i < 1} becomes the square [—1,1]^ and the £i-radial functions become 
II • ||oo, or ^oo-radial functions. Hence, the result in [2] also gives a characterization 
of £ao radial functions. 

Our second result shows that the class of positive definite || • ||h radial functions 
is at least as big as the class of positive definite £i or £00 radial functions. 


Theorem 1.2. Let (j) G Cf,(K+). The function (j){Wt\\H), t G Kf|, is positive definite 
on if there exists an increasing bound function a on IR_|_ such that 


(j){t) = / m 2 {tu)da{u). 


We do not know if the converse of Theorem 1.2 holds; that is, whether (/)(|jt||H) is 


positive definite only if (j) is of the form given in the theorem. In [2] , the inverse in 
the £i case was established by writing the Dirichlet kernel as an integral against a 
B-spline function whose knots are the variables, and studying the Fourier transform 
of the B-spline function. The kernel in the hexagonal setting can also be written 
as an integral against a B-spline function, but the resulted B-spline function is no 
longer integrable, which prevents us from following the same approach. 

The paper is organized as follows. The set-up of the Fourier integral on the 
hexagonal domain and the analysis, based on the closed formula for the Dirichlet 
kernel, that leads to the proof of Theorem o are given in the next section. The 
positive definiteness of || • ||H-radial functions is discussed in Section 3. 


2. Fourier integral on the hexagonal domain 

The regular hexagonal domain on is given by 

H = |(a;i,a; 2 ) : —1 < X 2 , ^xi ± 5 X 2 < l| . 

We consider the Fourier integral f{y)e~'‘^"^dy. Such integrals have been studied, 
say, in [T] , where the Turan’s problem on positive definite functions on the hexagonal 
domain is studied. For our purpose, it is more convenient to use homogeneous 
coordinates t = {ti,t 2 ,t^) in the space 

= (^ii^2,£3) G + £2 + £3 = 0 }, 

for which the hexagonal domain H becomes 

H := {t e : -1 < hMM < l} = {t S : ||t||H < 1}, 

where ||t||H = maxi<i <3 \ti\. Geometrically H is the intersection of the plane ti + 
£2 + £3 = 0 with the cube [—1,1]^ as shown in Figure 1. Such a convenience is used 
in [311] where the Fourier series associated with the hexagonal lattice and their 
applications in discrete Fourier transform are studied. 

For convenience, we adopt the convention of using bold letters, such as t, to de¬ 
note points in homogeneous coordinates of throughout this paper. The relation 
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Figure 1. Regular hexagon in Kj?,. 


between (xi,X 2 ) € H and t S H is given by 

X2 , V^Xi j. ^2 V^Xi 

+ t2-X2. t3 _______ 

or, equivalently, using the fact that ti + t 2 + ^3 = 0, 

(2.1) xi = |(ti — ta) = |(2^i + ^ 2 )) = 1(^2 ~ ^ 3 ) = |(^i + 2 ^ 2 )- 

Let dt be the Lebesgue measure on Computing the Jacobian of the change 

of variables shows that dxidx 2 = ^^dt. With x and y associated to t and s. 


respectively, through ( |2.1[ ), it is easy to see that x ■ y = ■ t. If we identity the 


function f{x) on with /(t) on then the Fourier transform and its inversion 
(1.1) translate to 

2^3 




/(t)e and f{x)^ 


/(s)e^^-Ms. 


For convenience we renormalize them and defined the Fourier transform and its 


inverse on 


as 


in , that is. 


= ^ / ® and /(t) = / e 3 '^f{s)ds. 

371 Jr3 7r3 

The usual definition for the convolution f * g extends to f,g G by 

/*5(t)=/ f{t-s)g{s)ds, f,g G 

Jr3 

For p > 0 we first consider the hexagonal summability of the inverse Fourier 
integral 


( 2 . 2 ) 

where Dp is the Dirichlet kernel for the regular hexagonal domain. 


C7p(/; t) = / /(s)e 3 ds = {f* Dp){t), 

A\M\h<P 


Dp{t) := / e 3^'^ds, teKn- 

■7 i|t||H<P 

Our first result is a closed from for the Dirichlet kernel for the hexagonal domain. 
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Proposition 2.1. For p > 0, 

cos [fpfti - ^2)] cos [|p (^2 - ^3)] COS [|p (^3 - ^1)] 

(^2 — ^3)(^3 ~ ^1) (^3 ~ ^l)(^l — ^ 2 ) (^1 — ^ 2)(^2 — ^ 3 ) 

Proof. Let D(t) := Di(t). A simple change of variable shows that 

Dp(t) = p^D{pt). 

Hence, we only need to work with the case p = 1. The hexagonal domain can be 
partitioned into three parallelograms, as shown in Figure 2, which leads to 


(2.3) Dp{t) = -^ 


(-1,1,0) (0,1,-1) 



Figure 2. Hexagon and its partition in Mf,. 


D{t) 




e ^^'^dssdsi. 


For s, t G we can write s • t = (ti — ^ 3)51 + (^2 — ^ 3)^2 by using si + S 2 + S 3 = 0, 
so that the first integral can be easily evaluated as 


7(1,2) 




_ ef di-*3)^ _ g-f (t2-t3)^ 

(H — f3)(f2 — ts) 


The other two integrals are evidently just 7(2, 3) and 7(3,1). The nominator of the 
last fraction in the right hand side of 7(1, 2) can be written as 


1 — e 


— ^ (*3 — ^1 


- e"Td3-ii) _ g-t(t3-ti) _p 2cos 


;iti — 12 ) 


Without the cosine term, the above expression is invariant under the permutation. 
Hence, using the fact that {ti — ^ 2 ) + (^2 — ^ 3 ) + (^3 — ^i) = 0, summing up 7(1, 2) + 
7(2,3) + 7(3,1) shows that 


77(t) 


9 cos [|(ti - 12 )] cos [|(f2 - ^ 3 )] cos[|(f 3 -fi) 

2 (^2 ~ ^3)(^3 ~ H) (ts ~ ~ ^ 2 ) [tl — t2)it2 — ts) 


which is the desired formula for p = 1. This completes the proof. 


□ 


Along the same line of the proof, we have the following proposition on the Fourier 
transform of || • ||h radial functions. 
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Proposition 2.2. Let (p G Co(K+). For any r > 0 and t G 


(2.4) 


3 


I|s||h<»' 


|s||H)rfs= f Ep{t)(l){p)dp 
Jo 


for almost all t, where 


Ep{t) = j-^Dp{t). 


Proof. As in the proof of Proposition |2.1[ we can split the integral into three pieces, 
[ = J{1, 2) + J(2, 3) + J(3,1), 

7||s||h<i- 

where, writing s ■ t = si{ti — ts) + 32(^2 — h) for t G 

^(1,2) :=y' J e^^'^(j){\\s\\H)dsids 2 


fO J —r 
pr pr 


e 3 


—is) —52(^2—*3)), 


|s||H)dsids 2 , 


0 Jo 


and J(2,3) and J(3,l) are permutations of J(l,2). For si,S 2 > 0, ||s||h = 
max{si,S 2 }- Hence, it follows that 


J(l,2)= [ 

Jo Jo 

Jo Jo 




g^p(i3-t2) _ g^p(tl-t2) 


i(ti - ts) 


*(^2 - is) 

The terms inside the bracket can be rewritten as 

(ti - t3)eYP(‘i-*3) + (ig _ t2)eYP(‘3-*2) _ _ ^2)ef p(*i-‘2) 

i{h - h){ti - ts) 

and the nominator of this expression can be further rewritten as 

(ti - + (t3 - + (t2 - ti)eT^(*2-ti) 


dp. 


—2i{ti — t^) sin 


-p{ti - t2) 


in which the sum in the first line is invariant under permutation. Consequently, 
adding J(l,2), J(2,3) and J(3,l) gives 

[ e^^V(l|s|lH)ds = / p{p)Ep{t)dp 





where 



(2.5) 

Ep{t) = 3 

(tl - 

(t 


{ti - t2)sin [|p(ti - t2)] 

(^2 — t3){t3 — ti) 

{t 2 - to) sin [|p(t 2 - ts)] {ts - ti) sin [|p(t3 - ^i)] 
{ts — tl){ti — ^ 2 ) {tl — t2){t2 — ts) 

It is now easy to see that -^Dp(t) = Ep{t) and (2.4) follows. 


□ 
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The computation of the proof also shows that 

f <^(l|t|lH)rft = 6 / p(j){p)dp. 

Jo Jo 

This proposition allows us to compute the Fourier transform of 
functions. 


|h radial 


Example 2.3. For a > 0 and t G ^ ^ 


-4f lltll 


Then 


(j){t) =- 


27a^(2a^ + tf + + ^i) 


4(a2 + (ti - t2)2)(a2 + {t2 - t3)2)(a2 + (tg - ti)2) • 

Proof. We use the explicit formula of Ep in (2.5) and the elementary integral 

h 

a > 0, 


e “^sin( 6 p)dp = 


+ 62^ 


then simplify the computation using tit 2 + t 2 t 3 + toil = —{t\ + which 

comes from {ti + ^2 + toY =0- 

For i5 > 0, the Cesare (C, 5) means of a function s : K+ i-)- C are defined by 

5 re 

s^(p) = - / {p — s{u)du, p > 0. 

P Jo 

Because of the the convolution structure of the partial integral ( |2.2[ ), its {C,5) 
means can be viewed as convolving the function / with the (C, i5) means of the 
Dirichlet kernel; that is, define 

rR 


J {R-pf ^Dp{t)dp, 


then the (C, <5) means of the integral in \2.2\ is defined by 
T(/)4) = (/* i? > 0 , 

Our next result shows that the Cesaro (C, J) means and the Reize {R, 6) means, 
defined in (1.4), of hexagonal summability of the Fourier integral are identical. 

Corollary 2.4. Let f G and i5 > 0. Then for any r > 0, 

s 


SB.,sf{t) = 


I|s||h<i 
: rR 


1 - 


|s||h 

R 


e3"V(s)ds 




t e Rjj. 


Proof. Let (j) G C'o(IR+) be locally absolutely continuous. Integration by parts in 
the right hand side of (2.4) shows that 

[ </'(||s|lH)e5^ *(is = (/)(i?)Di^(t) - / (j)'{p)Dp{t)dp. 

J||s||H<ii Jo 

Setting <j){t) = (1 — t/R) + for t > 0 and 5 > 0 , this identity becomes 

f {R-py-^Dp{t)dp. 

./||s|iH<i? V R J R Jo 


Taking the convolution with / proves the corollary. 


□ 
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By the close form of the Diriclet kernel in (2.3), we immediately conclude that 


(2.6) D^nit) = -l 


Fs - t2)) Fs {lR{t2 - ts)) Fs {^Rih - ti)) 

it2 — t3){t3 — ti) {t3 — ti)(ti — t2) {tl — t2)(t2 — t3) 


where 


Fs{u) := S ( cos (pit) (1 — ^dp, it > 0. 
do 


Elementary computation shows that F^ can be written as a 1E2 series 


J"^(t) = ii"2 (i;T>^;-T)- 


. | 5+1 S+2. 

’ 2 ’ 2 ’ ’ 

For some special values of S, Fs enjoys compact expression. For example, 
(2.7) 


, , sint , , , 2(1 — cost) 

Fi{t) = and ^2(1) = 


The kernel turns out to be positive for 6 > 2. More precisely, we prove the 
following theorem. 

Theorem 2.5. The kernel Tl|j(t) is nonnegative on K if, and only if, 5 >2. 
Proof. First we prove that id^(t) > 0 if <5 > 2. For 5, p > 0 it is easy to verify that 
T{6 + p + l) 1 




f {R-pY-^p^Dl{t)dp, R>Q. 
Jo 


r(5 + i)r(p) 

Thus, it follows that is nonnegative if D^{t) is for all R. Hence, it suffices 

to show that Dj^{t) is nonnegative for t S and R > 0. Using the close form 
(2.6) of Up and the explicit formula of F 2 in (2.7), it follows readily that D\{t) > 0 
if 


Gnit) := - {t2 - t3){t3 - tl) (1 - cos[|i?(ti - 12)]) 

- ih - ti){ti - t2) (1 - cos[|i?(t2 - is)]) 

- {tl - t2){t2 - t3) (1 - C0s[|i?(t3 - tl)]) 


is nonnegative. Evidently, it suffices to establish the non-negativity of Gfl(t) when 
= 1, which we denote by G(t). It turns out that G(t) can be written as a sum 
of square, from which the nonnegativity of G(t) follows immediately. Indeed, the 
following identity holds, 

1 9 

G'(t) =2 [(G - ^ 2 ) costa -I- (t2 - t3)costi -I- (ta - ti)cost2] 

1 2 

+ 2 [(^1 “ i2)sint3 -k (t2 - t3)sinti -k (ta - ti) sint2] . 


The difficult lies in identifying the formula. The verification is tedious but straight¬ 
forward, and it can be checked by a computer algebra system. This proves the 
positivity of D\{t). 

Next we prove that 7Ip(t) is not nonnegative when 0 < 5 < 2. We only need to 
consider the case I < i5 < 2, since if D^{t) is nonnegative for some 6 that satisfies 
0 < (5 < I, then it has to be nonnegative for I < (5 < 2. Assume I < (5 < 2. It 
suffices to show that 7Ip(t) is negative for some t € Using the explicit formula 
of the (2.6), it is easy to see that 

- 5 , 0 ^ =^[Fs{27r)-Fs{A7T)]. 


D 


R 


Stt 

1r' 


27r^ 













9 


Integrating by parts shows that 

Fs{2tt) — Fs{^7t) = ^ [ (1 — s)'^“^[2sin(27rs) — sin(47rs)]ds 

47r Jo 

1 

(1 — sin(27rs)[l — cos(27rs)]ds. 

Splitting the last integral as two, one over [0,1/2] and the other over [1/2,1], and 
changing variable 11—)■ 1 — s in the second integral, we see that 

F5(27r) — F5(47r) = ^ f [(1 — sin(27rs)[l — cos(27rs)]ds. 

Stt Jq 

Since for 0 < s < 1/2, sin(27rs)[l — cos(27rs)] > 0 and (1 — < 0 as 

(5 — 2 < 0, we conclude that Fs{2'k) — Fsi^n) < 0 for 1 < 5 < 2. Consequently 
negative for 1 < ^ < 2. □ 

Corollary 2.6. For 6 > 2, the Cesaro (C, 5) means crjiif) define positive linear 
transformations on the order of summability to assure positivity is best 

possible. 

By Corollary |2.4[ this also proves Theorem 1.1. As in the case of ii, the posi¬ 
tivity of the kernel and its proof are motivated by the corresponding result on the 
summability of the Fourier series. Indeed, it was proved in [5] that the Cesaro (C, d) 
means of the Fourier series associated with the hexagonal lattice are nonnegative if 
S>2. 


SjS-l) f 

27r Jo 


3. Positive definite hexagonal radial functions 
In this section we consider hexagonal invariant functions that depend only on 


II • ||h, which we call || • ||h radial functions. We start with the proof of Theorem 1.2 
which we restate below, that gives a sufficient condition for a 
to be positive definite. 


|h radial function 


Theorem 3.1. Let G Cb{^+)■ The function (j){\\t\\H), t G is positive definite 
on Kfi if there exists an increasing bound function a on K+ such that 

su\{u) 


(3.1) 


(j>{t) = / m2{tu)da{u) 

Jo 


with 


^ 2(0 = f 


-du. 


Proof. By Bochner’s theorem, (/(||t||H) is positive definite exactly when it is the 


Fourier transform of a nonnegative, integrable function, say $, on By (2.4), 
we need to show that 


poo 

$(t) = / (j){p)Ep{t)dp 
Jo 


is nonnegative. For p given in (3.1), it is sufficient to write 


da{u) 


poo r pOQ 

$(t) = / / Ep{t)m2{pu)dp 

Jo [do 

and prove that the inner integral is nonnegative. Using the fact that Ep/y_{t) 
u~^Ep(t/u), which follows immediately from (2.5), it is enough to prove that 


pOO 

J{t):= Ey(t)m2{p)dp>0, 

Jo 


t e 
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Let xe be the characteristic function of the set E C Kfi- We need the evaluation 


sin(itp) 


sin s 


dsdp = 


sm s 


sui{up)dpds 


1 jr 

— / sins(l — cos(su))— = —(1 — sign(l — |u|)). 
U Jo s 4 m 


Together with the fact that {ti—t 2 ) + {t 2 —t 3 ) + (to—ti) = 0 and l+sign(l—|ti— 12 |) = 

X{|t3-ti|<i}(t) 


2 X{|ti _ 42 |<i}(t), it follows from (|2.5[) that 


T , . Stt 

m = -Y 


X{|tl-t2|<l}(t) X{|t2-t3l<l}(^) 

{t2 — t3){t3 ~ tl) {t3 ~~ ^ 2 ) — i2){i2 — ^ 3 ) 


+ 


The value of J(t) depends on regions of t G determined by the support sets of 

the three characteristic functions. In the region £1_ := {t : |ti—^ 2 ! < 1, 1 ^ 2 —tsi < 

Ij 1^3 — ti| < 1}, -/(t) = 0 since (ti — ^ 2 ) + (^2 — H) + (^3 — ^i) = 0. We now consider 
the region E _:= {t : |ti — ^ 2 ! < 1^2 — isl < 1) 1^3 — ti\> !}• In this case, 


J(t) 



1 1 
t3){t3 — tl) {t3 — tl){tl 



Stt 1 

4 iji — t2){t2 — to) ’ 


where the second equality follows from + t 2 + ^3 = 0 , which is positive if ti — t 2 
and t 2 — to have the same sign. Assume these two factors have different sign, say 
0 < ti — ^2 and t 2 — to < 0. Then t G E _+ satisfies 

0 < ti — ^2 < 1) ~1 < ^2 ~ ^3 < Oj 1^3 ~ ti| > 1. 


The third inequality has two possibilities. In the case of ^3 — > 1, the second and 

the third inequalities imply that ti < t 2 , which contradicts the first inequality. In 
the case of ts — ti < — 1 , the first and the third inequality imply that to < t 2 , which 

contradicts the second inequality. Consequently, the set E _^ does not contain 

elements for which 0 < ti — ^2 and t 2 — to < 0, nor does it contain elements for 

which ti — ^2 < 0 and 0 < t 2 — to- As a result, J(t) is nonnegative for t G E _ 

By symmetry, this holds for permutations of E _Next we consider the region 

E-++ := {t : |<i - t 2 \ < 1, \t 2 - tsi > 1, 1^3 - ill > 1}, for which 


J(t) 


Stt 1 

4 {t2 - to){to- ti) 


is nonnegative if t 2 — to and to — ti have the opposite sign. Assume those two factors 
have the same sign, say, t 2 — to > 0 and to — ti > 0, then t 2 — ti = ^2 —^ 3+^3 —ii > 9, 

so that t G E _satisfies i 2 — ^3 > 1) is — ii > 1 and i 2 — ii < 1. However, the 

first two inequalities imply that i 2 > ii + 2 , which contradicts the third inequality. 

Hence, the set E _does not contain t for which t 2 — to and to — ii have the same 

sign. Consequently, J(t) is nonnegative on E _By symmetry, this holds for 

permutations of E _|_+. Finally, it is evident that J(t) = 0 on A+_|_+, the definition 

of which should be obvious by now. Thus, we have proved that J(t) > 0 for all 
t G Kfi, which complete the proof of the theorem. □ 


As shown in the proof, the support set of the function J(t), t G Kf|, is relatively 
small. The graph of the function looks like a hexagonal spider (that has six legs), 
which is depicted in the Figure 3. 

We do not know if the sufficient condition in the above theorem is necessary. 
The theorem shows that the class of positive definite || • Hh radial functions is at 
least as large as the class of positive definite ii radial functions. In the latter case. 
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Figure 3. The function J(t). 


the condition is necessary and it is established by writing the corresponding kernel 
in terms of B-spline functions. An analogue representation can be given in the 
hexagonal setting, which we discuss below. 

Recall that the first divided difference [a, b]f is defined by 


r 1 , 11 - f(b) - f{a) 

b-a ■ 

a, 6 G K, 

a^b, 

which can also be written as 

r 

1 

f if b > u > a 

b—a 

[a,b]f = / f {u)B(u\a,b)du with 

B(u\a, b) := < 

, if a > u > b 

a—b 

R 

1 

[ 0 otherwise 


The function B{-\a,b) is the simplest example of B-spline functions and it evidently 
satisfies 

B{u\a,b)>0, It G M, and / B{u\a,b)du = 1. 

Js. 


Proposition 3.2. For t G Mjl, and m G M, define 

Mi{u\t) := B{u\ti - t3,t2 - ts) + B{u\t 2 - ^ 1,^3 - ^i) + B{u\t 3 - t 2 ,h - h)- 
M('u|t) := i [Mi(u|t) -f Mi{u\ - t)]. 

Then, for p > 0, 

nOO 

(3.2) Ep(t) = 2p / cos (|/9u) M(it|t)du. 

Jo 

Proof. In the expression of Ep in (2.5), we apply the partial fraction 

ti-t2 11 

(t2 — t3)(t3 — ti) t2 — t3 t3 — ti 
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to the first term in the right hand side and two analogues partial fractions to the 
other two terms. Rearranging the terms leads to 

Ep{t) =3([ti-t3,t2-f3]sin[|p{-}] 

+ [^2 <i]sin [|p{-}] + [ts - t2,ti - fa] sin [|p{-}]) ■ 

Writing the divided differences in terms of B-spline functions lead immediately to 


/ OO 

cos (Ipu) Mi{u\t)du. 

-OO 


Directly from the definition, it is easy to verify that B{u\a, b) satisfies B{—u\a, b) = 
B{u\ — a, —b), from which follows Mi{—u\t) = Mi{u\ — t). Consequently, with our 
definition of M{u\t), we can write the integral expression of Ep{t) over t G as 
the integral over IR+. □ 

As a consequence of Propositions |2.2| and |3.2| we immediate deduce the following 
result on the inverse Fourier transform of hexagonal invariant functions. 


Proposition 3.3. Let (p G C'o( 
Then 


(3.3) 

where 


+ ) such that the function u i—t u(p{u) is in 
ip{u)M{u\t)du 


^(||s||H)e 3^"^ds = 


pOO 

tpiu) := A / pcos (|pu) ()>(p)dp. 
Jo 


It is easy to see that the function M{u\t) satisfies 


M(u|t) >0, u G 
Furthermore, it also satisfies 


t G 


1 




and / M{u\t)du = 3. 


M{u\ut) = —M(l|t), u > 0. 

u 

Thus, we only need to consider the M(l|t). In Figure 4, we depict this function in 
the regular rectangle coordinates. 

The formula (3.3) suggests that we consider the Fourier transform of M(u|t), 
as an analogue of the study in the case, for which the corresponding B-spline is 
B{u\x \,..., x\) for X G However, the function x i-t B{u\xl ,..., x'^) is integrable 
on which warrants the existence of its Fourier transform, whereas the function 
t M{u\t) is not integrable on K^. The latter can be seen, for example, from the 
formula 

11 Of 

Mi(u|t) =--f-= -- ^ --, tGD, 

t2 — tl t2 — ts {t2 — ti){t2 — ts) 

where H = {t G Kfi : t2 — I3 > 1,12 — H > I, ^3 — fi > — I,H — h > —1}. 

Let us also point out that, since M{u\t) > 0, ii ip is nonnegative on ]R_|_ then, 
by (3.3), the Fourier integral of (/)(|| • ||h) is nonnegative. This is, however, not 
necessary. Indeed, if (p{u) = e““, then $(t) = (/)(s)e > 0 by Example 

However, in this case 

4(1-u2) 


2.3 


poo 

ip{u) = A / pcos{up)e~^dp- 

Jo 


(1+U2)2 
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Figure 4. The function M(l|*) on the usual Cartesian coordinates. 


which is not nonnegative if |ri| > 1. Hence, the expression 
than its counterpart in the ii case. 
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